Introduction and Results
Let V (F G) be the group on normalized units of the group algebra F G of a finite group G over a field F . In 1947 R.M. Thrall proposed the following problem: For a given group G and the field F , determine all groups H such that F H is isomorphic to F G over F . In the special case when G is a p-group and F is a field of characteristic p this problem is called isomorphism problem of modular group algebras. The modular isomorphism problem has been investigated by several authors. It has long been known [17] that the group algebra F G of a finite abelian p-group determines G. This result was extended in [7] to countable abelian p-groups by Berman. The most general result of the isomorphism problem related to abelian basic groups can be found in [21] . For non-abelian group algebras, this problem was investigated in [1, 2, 3, 18, 22, 23, 24, 26, 27] and [28] . For an overview we recommend the survey paper [8] .
A modular group algebra has a large group of units and the isomorphism problem can be generalized. Such strong form of the isomorphism problem is said to be the isomorphism problem of normalized units [7] , is due to Berman. Let F be a finite field of characteristic p, G and H finite p-groups such that V (F G) and V (F H) are isomorphic. Can we state that G and H are isomorphic?
Berman [7] gave a positive answer for his question for finite abelian p-groups. Sandling [25] generalized the previous result, proving that if G is a finite abelian p-group, then a subgroup of V (F G), independent as a subset of the vector space F G, is isomorphic to a subgroup of G. For finite non-abelian p-groups (p > 2) with cyclic Frattini subgroup as well as for the class of maximal 2-groups the Berman's question has also a positive solution [4, 5] .
An element u ∈ V (F G) is called unitary if u −1 = u * , with respect to the classical involution of G (which sends each element of G into its inverse). Obviously, the set V * (F G) of all unitary elements of V (F G) forms a subgroup. The structure of the unitary subgroup V * (F G) has been actively investigated in [11, 13, 14, 15, 16] and [19] .
The unitary group V * (F G) of a group algebra F G is a small subgroup in V (F G) so it is interesting to ask whether this smaller subgroup determine the basic group G or not. This problem is called the * -unitary isomorphism problem (*-UIP) of group algebras.
A positive solution of (*-UIP) for the classes of finite abelian p-groups is given here. 
Isomorphism problem of unitary units
Let G be a finite abelian p-group. If char(F ) = p, then (see in [8, )
where χ(x) is the augmentation of the element x ∈ F G.
We denote by G[p i ] the subgroup of the group G generated by elements of order p i , by exp(G) the exponent of G and set
Let us denote by f i (G) the number of subgroups of order p i in the decomposition of the abelian p-group G into a direct product of cyclic groups. We use the following. 
Now we are able to consider the following.
Proof. If exp(V * (F G)) = p e for some e, then exp(G) = p e and by Theorem 1 in [11] we have
) for all i > 1 and exp(H) = p e . Moreover, it is easy to check
.
The following lemma is a simple consequence of Theorem 1 in [12] .
Lemma 3. Let G be a finite abelian 2-group and F is a finite field of characteristic 2, and
Then one of the following conditions holds: (i) G is an elementary abelian 2-group;
(ii) G is a cyclic group of order 4, and |F | = 2.
Lemma 4. Let G be a finite abelian 2-group and
Proof. Suppose that |G| = 2 n . According to Lemma 1 (iii) we have
Therefore, the lemma is true for n = 1, 2. Assume that
we have |F | |G| 2 ≤ |V * (F G)|. Now, the following inequalities prove our lemma
, so exp(G) = 2 or G is cyclic group of orde 4 and |F | = 2 by Lemma 3.
The previous lemma states that the order of G is determined by the isomorphism class of the unitary subgroup. A similar statement seems to be true for non-abelian group algebras.
We use the following well-known lemma.
Now we are ready to prove our first result.
Proof of Theorem 1. According to Lemma 2 the theorem is true for odd p.
Assume that V * (F G) ∼ = V * (F H) for two finite 2-groups G and H, where F is a finite field of characteristic 2. Then |G| = |H| by Lemma 2.
The theorem follows immediately from Lemma 1 (iii) and Lemma 3 for groups of order 4.
First, suppose that the exponent of V * (F G) is equal to 2. The exponent of G and H are also equal to 2 which confirms the theorem. Now, assume that the exponent of V * (F G) is equal to 4. Then the exponent of G and H are also equal to 4. According to Lemma 5 and the first part of Lemma 1 we have |G|+|G[2]| = |H|+ |H [2] |. Using the third part of Lemma 1 we get 
Consequently, exp(M) < exp(G) and f e (V * (F G)) = f e (G). Using Lemma 1(ii), we obtain that
It is easy to check that
Using the facts that f e (G) = f e (H) and
we conclude that f e−1 (G) = f e−1 (H) and t e−2 = t ′ e−2 . Similarly, for every 1 ≤ s ≤ e − 3 we get that
Thus f s (G) = f s (H) for all 1 ≤ s ≤ e, which proves the theorem.
Group algebras of 2-groups of maximal class
Let G be a 2-group of maximal class. It is well-known that G is one of the following groups: the dihedral D 2 n+1 , the generalized quaternion Q 2 n+1 , or the semidihedral group D − 2 n+1 , respectively. Set
In the sequel of this paragraph we fix the cyclic subgroup C = a | a 2 n = 1 ∼ = C 2 n of G from the list (2) and fix the following automorphism of F C:
in which F is the field of two elements and x 1 , x 2 ∈ V (F C 2 ). Using presentation (2) we compute the number Θ G (2) of involutions in V * (F G
Let
, where x 1 , x 2 ∈ F C. It is easy to check that x ∈ V * (F C) [2] if and only if x * = x ∈ V (F C) [2] . Therefore x ∈ V * (F D 2 n+1 ) [2] if and only if (x 1 + x 2 b 1 ) 2 = 1 and
According to Lemma 1 we have
For each 0 ≤ i < 2 n we define the set
Lemma 6. [5, Lemma 8]
The set H i has the following properties:
The set of the * -symmetric elements in V (F C) we denote by S * (F C).
It follows that each x ∈ S * (F C) [2] can be written in the following form
so the number of all units in S * (F 2 C) [2] is equal to 2 2 n−2 +1 .
) be an involution, where x 1 , x 2 ∈ F C, such that χ(x 1 ) = 1 and χ(x 2 ) = 0. Since x 2 is not a unit,
For x 2 = 0, the number of different x 1 coincides with |S * (F C) [2] | by (3) . If
It is easy to see that
, where Ann((1 + a) i ) is the annihilator of (1 + a) i , so |A i | = 2 i by [20] . If i is odd, then H i is empty by Lemma 6, so there are no involutions. Furthermore, for i = 2k, the number of different x 2 by Lemma 6 is equal to
Suppose that x ′ 1 + x 2 b 1 is also an involution, such that χ(x 1 ) = 1 and χ(x 2 ) = 0. [2] . Thus, for even 0 ≤ i = 2k < 2 n−1 the number of different units which satisfy (3) is 1 + 2 n−2 −1 k=1
Now, let 2 n−1 ≤ i < 2 n . Clearly H i = V (F C) and the number of different units of the form x 1 + x 2 b 1 such that χ(x 1 ) = 1 and χ(x 2 ) = 0 is
Consequently, the number of units of the form
Now, consider the number of units of the form
, where x 1 , x 2 ∈ F C such that χ(x 1 ) = 0 and χ(x 2 ) = 1. Clearly, x 2 is a unit and x 2 x * 2 = (1 + x 1 ) 2 by (3), where 1 + x 1 is a * -symmetric unit and x 2 x * 2 ∈ V (F C 2 ). For a fixed unit x 2 it is easy to proved that the set
Since the number of different x 2 coincides with |H 0 |, the number of units in V (F D 2 n+1 ), such that χ(x 1 ) = 0 and χ(x 2 ) = 1 is equal to
) be an involution, where x 1 , x 2 ∈ F C such that χ(x 1 ) = 0 and χ(x 2 ) = 1. According to equations 4 we have x 2 (1 + a 2 n −1 ) = 0. Since x 2 is a unit we conclude that (1 + a 2 n−1 ) = 0 which is impossible, so we have no unit satisfying the given conditions. Now, let x 1 + x 2 b 2 ∈ V * (F Q 2 n+1 ) be an involution , where x 1 , x 2 ∈ F C such that χ(x 1 ) = 1 and χ(x 2 ) = 0. Since x 2 is not a unit,
According to (4), we have x 2 (1 + a 2 n−1 ) = 0 which holds if and only if either (3) and (4) are equivalent. Therefore the number Θ Q 2 n+1 (2) of involutions in
Proof of Theorem 2. Let us prove that
where Θ G (2) is the number of involutions in V * (F G). First, let us prove the left inequality in (6) . Let
) be an involution, where x 1 , x 2 ∈ F C such that χ(x 1 ) = 1 and χ(x 2 ) = 0. If
then (4) and (5) 
) be an involution, where x 1 , x 2 ∈ F C such that χ(x 1 ) = 0 and χ(x 2 ) = 1. It turned out that there is no unit in V * (F Q 2 n+1 ) that satisfies this conditions. However, the unit b 3 satisfies this conditions and b 3 is a unitary unit. Thus the left inequality of (6) holds. Now, let us prove the right inequality in (6) . If x 2 = x 2 , then (3) and (5) are equivalent.
) be an involution, where x 1 , x 2 ∈ F C and χ(x 1 ) = 1, χ(x 2 ) = 0. It is easy to see that for x 1 = 1 + a + a −1 and x 2 = a + a −1 the element
) be an involution, where x 1 , x 2 ∈ F C such that χ(x 1 ) = 0 and χ(x 2 ) = 1. Set x 1 = 1 + a 2 n−1 and x 2 = a. Clearly,
Unitary subgroups of non-commutative group algebras
Proof of Theorem 3.
by [16, 10, 15] . Corollary 10 in [6] alleges that V * (F G) is Hamiltonian if and only if G is Hamiltonian and the theorem holds.
Let G be a non-abelian group of order 16. A generator set of unitary subgroups V * (F G) for groups G of order |G| = 16 can be found in [9] . Based on these results we can describe the structure of the unitary subgroups of these group algebras.
Let G = Q 8 × C 2 be the Hamiltonian group of order 16. the group V * (F G) is Hamiltonian [6, Corollary 10] if and only if G is Hamiltonian. Moreover,
Let MD 16 denotes the modular group a, b|a 
